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We study the transport of a passive tracer particle in a steady 
strongly mixing flow with a nonzero mean velocity. We show that 
there exists a probability measure under which the particle Lagrangian 
velocity process is stationary. This measure is absolutely continuous 
with respect to the underlying probability measure for the Eulerian 
flow. 

1. Introduction. One of the simplest models of the passive tracer motion 
in a turbulent flow is given by the ltd stochastic equation 

d~x.it) = u(x(t)) dt + v / ^dw(t), t > 0, 

(!•!) 

x(0) = 0. 

Here u = (ui,... ,Ud) :M d x H is the Eulerian velocity field of the flow. 

It is assumed to be a stationary, d-dimensional random vector field given over 
a certain probability space (fl,V,P), and w(-) is a standard d-dimensional 
Brownian motion defined over another probability space (E,M, Q). Param¬ 
eter k, called the molecular diffusivity of the medium, is assumed to be 
nonnegative. The resulting process x(-) is considered over the product prob¬ 
ability space (fi x S,V®yl,P®Q). A question that generates considerable 
interest in statistical hydrodynamics is to provide the description of the 
long-time, large-scale asymptotics of x(-). Possible types of the trajectory 
behavior that may occur in the limit include Newtonian motions, diffusions, 
fractional diffusions and possibly Levy flights; see [2, 6, 7, 18]. 
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An important insight in understanding the asymptotic behavior of solu¬ 
tions to (1.1) can be gained if one is able to establish the existence of a 
probability measure p defined over V <g> A under which the Lagrangian pro¬ 
cess, that is, u(x(f)), t > 0, is stationary and ergodic. The above process 
corresponds to the observations of the velocity from the vantage point of 
the moving trajectory. If such a measure exists, then one can conclude that 

(1.2) v* := lim -- = [ u(0) dp, 

f\ -Too t J 

exists p-a.s. and v* is deterministic, v* is sometimes called the Stokes drift 
of the medium. If, in addition to stationarity and ergodicity, p is absolutely 
continuous w.r.t. the product measure P & Q and the limit in (1.2) holds 
P<g> Q- a.s., we shall call p a regular, invariant measure for the Lagrangian 
process. 

In the present paper we consider the case of strongly mixing, steady (i.e., 
time-independent) velocity fields. The main result we set out to prove can 
be stated informally as follows; see Theorem 2.2 for the precise statement. 

Theorem 1.1. Suppose that the molecular diffusivity k is strictly posi¬ 
tive, and that the velocity field u is stationary with the mean that is larger 
than the amplitude of its fluctuations [see condition (A)] and decorrelates at 
finite distances [condition fDR,)]. Then, assuming also some topological and 
measure-theoretic regularity properties of the field [condition ('RJ], there ex¬ 
ists a regular invariant measure p for the Lagrangian process u(x(t)) ; t > 0. 

The standard results, for example, those obtained in the framework of the 
homogenization theory (see [13]), concern the drifts that are either gradients 
of stationary scalar potentials (i.e., u = V x ^>, where cj> is a certain stationary 
scalar field), or are incompressible (i.e., V x • u := 5Zf=i 9 Xl Ui = 0). The gra¬ 
dient case corresponds to the motion of a tracer particle in a medium (e.g., 
gas) that remains in an equilibrium, while the incompressible fields describe 
turbulent flows of fluids. In both of these cases, regular invariant measures p 
can be identified explicitly. In the gradient case p is given by F^^iQ, where 
P <4 the is Gibbs equilibrium measure relative to the potential (f/n, while in 
the incompressible case the invariant measure is actually equal to P <S> Q', 
see [[12]—[14]]. 

In many interesting situations, however, the motion of a tracer takes place 
in a compressible environment that is far from being in equilibrium, for ex¬ 
ample, floating of a particle on a fluid surface; see [5]. Due to the infinite¬ 
dimensional character of the problem, the existence of a regular invariant 
measure is, in general, hard to prove and very few results concerning the 
problem are known. For a review of the existing literature on the subject, 
a reader is advised to consult [19]. It is generally believed, however, that 
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strong mixing properties of the Eulerian flow should guarantee the existence 
of a regular invariant measure for Lagrangian observations [5, 19]. Recently, 
a number of rigorous results substantiating that point of view have been 
obtained for nonsteady (time-dependent) flows; see [[8]—[10]]. A generic sit¬ 
uation considered in those papers concerns fields that have strong temporal 
decorrelation properties; for example, in [8, 9] the Eulerian velocity field is 
of finite time dependence range, while in [10] it is Gaussian, Markovian and 
sufficiently strongly mixing in the temporal variable. Under any of these 
assumptions, it can be shown that there exists then a regular (w.r.t. P® Q) 
invariant measure provided the molecular diffusivity k is positive. It is 
worthwhile to point out that under some additional assumptions on the spa¬ 
tial structure of the velocity field (i.e., the compact support of the spatial 
power-energy spectrum), the results of [10] deal also with the case of the 
vanishing molecular diffusivity k = 0. 

Let us discuss briefly the principal ideas of the proof of Theorem 1.1. First, 
we use the factorization property of the cr-algebra corresponding to the Eu¬ 
lerian velocity field. More specifically, looking in the direction v pointed 
by the mean drift of the flow at any given time instant, say t = 0, we can 
decompose the future history of the velocity field into the part that is deter¬ 
mined by the tracer particle history up to t = 0 and, independent of it, the 
renewal part. This decomposition forms the base for the definition of the 
so-called transport operator ; see Section 4. Informally speaking, it describes 
the change of the statistics of the field, as observed from the moving parti¬ 
cle, within the time span r needed for the particle to travel from the initial 
position at t = 0 the spatial distance required for the complete renewal of 
the Eulerian velocity. In addition, after this time the particle does not revisit 
the half-space containing the initial position of the trajectory and bounded 
by the hyperplane orthogonal to the drift passing by the point which is unit 
to the left in the direction v from the position of the particle at r. Because 
of this property, we call r the nonretraction time ; see Section 3 for its pre¬ 
cise definition. It is obviously a non-Markovian random time. The definition 
of r is modelled on the notion of the nonretraction times, introduced by 
Sznitman and Zerner in [17], in the case of random walks on a random in¬ 
teger lattice with independent sites. As we show in Section 4, see (4.3), the 
transport operator acts on a certain space of density functions with respect 
to P. An important property of this operator is the fact that it admits an 
invariant density; see Proposition 4.7. This density is subsequently used, see 
formula (5.33), to define the invariant measure fi] see Theorem 1.1. 

A result, that corresponds to our main theorem has been proved for the 
nearest-neighbor random walks on integer lattice T, d with i.i.d. transition 
probabilities having a uniform local drift property (the so-called nonnestling 
condition) in [3]. 
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2. Notation and formulation of the main result. To simplify the notation 
we assume, throughout the remainder of the paper, that k = 1 in (1.1). 
The proof can be trivially generalized to the case of an arbitrary positive 
molecular diffusivity. The case k = 0 is substantially different and we know 
of no results concerning the steady fields in that situation. (As mentioned 
earlier, some results concerning time-dependent, Gaussian, Markovian fields 
can be found in [10].) 

For any L > 0, we denote Xl '■= C([0,L];M d ) and X := C([0,+oo);M d ). 
These spaces are equipped with the standard topology of uniform conver¬ 
gence on compact sets. For any t > 0, we denote by n(i): X —► the canon¬ 
ical projection II(t)(7r) := ir G X. Let Mt := cr{n(s) :s <t}, t > 0, be 
the canonical filtration on X. We let M := \! t>v>Mt- By V and Vl we de¬ 
note the spaces of all Borel probability measures on X and Xl, respectively. 
By W and we denote the standard Wiener measure on (X, M ) and its 
restriction to Ml, respectively. For any h > 0, we define the shift operator 
6^ : X —> X given by 0/j(7r)(t) := ir(t + h) for all t > 0, n G X. 

Let (f l,d) be a Polish space. We denote by B(Q) the (j-algebra of Borel 
subsets of fL We suppose that P is a Borel probability measure and E[-] 
denotes the corresponding expectation. Let J\f be the a-ring of P-null sets 
of £>(fl), the P-completion of Unless otherwise stated, we will assume 

that any sub-cr-algebra of £>(fl) under consideration contains N. For brevity 
we write IP := L p (Ti), p € [l,+oo], where T\ := (fl, B(Q), P). We assume 
further the property of spatial homogeneity of measure P. The above means 
that there exists a group of transformations T x ,x e acting on fl such 
that, for any x G M d , A G B(Q), we have T X (A) G B(Q) and P(T X (A)) = P(A). 
We assume that u: —> M d is a random vector over T\ satisfying 

(A) |v| > ||u||x,oo , where v := Eu and u = u — v. 

The spatially homogeneous Eulerian velocity field is defined as u(x;u;) := 
u(T x (cu)). Assumption (A) guarantees that the mean drift dominates its 
fluctuations and therefore there exists 5 > 0 such that 

(2.1) u(x)-v>(5>0, P-a.s. 

for all x G M d . Here v := v/|v|. We shall also assume that 1A (|v|/4) > 5 > 0. 

For any R > 0, we denote by the u-algebras generated by u(x), 

|x| < R, and u(x), |x| > R, correspondingly. We assume that 

(DR) (finite dependence range ) there exists tq > 0 such that, for any r > 0, 
the cr-algebras T l r and J T y +ro are independent. 

Finally, we suppose that the field possesses certain regularity both in the 
topological and the measure-theoretic sense. Namely, we assume that 
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(R) for any ui e fl, the field u(-;cu) is of C 1 class of regularity and there 
exists a deterministic constant U > 0 such that ||u( - ; w )|lwi'°°(K d ) — U. 
The norm taken here is the usual one corresponding to the classical 
Sobolev space W 1,0O (M d ). 

In addition, we suppose that, for any IV > 1 and xi,...,xjv £ R d 
such that Xj x ? for i j £ {1,... ,N}, the probability distribution 
of (u(xi), ..., u(xjv)) in the space (R d ) N is absolutely continuous with 
respect to the N ■ d-dimensional Lebesgue measure. 

Remark 2.1. Let us briefly discuss some important, from our point of 
view, consequences of assumption (R). Let t £ M and Vt. be the sub-c-algebra 
of B{yi) generated by u(x), x ■ v < t. We note that obviously 


V(t,x) el x R d . 


Tx(Vt) C V t+X .v 


Thanks to the assumption (R) (see page 66 of [15], or the Appendix of [9]), 
the filtration (Vt)t>o admits a factorization with respect to Vo, that is, for 
any t > 0, there exists a er-algebra VJ such that Vo and lZ f are P-independent 
and Vt is generated by Vo and TV. Let TZ := \J t> qTV . 

Note that (TV)t> o form a filtration of cr-algebras. Indeed, any random 
variable H(-) that is 7?. f -measurable is V u -measurable for any u>t and 
one can find (from the factorization property) a random variable 
that is Vo ® ^“-measurable and H(uj) =G(u>,uj). From the fact that H is 
independent of Vo, we immediately conclude that H(-) = f G(oj', -)P(du/), 
P-a.s., thus H is 7?“-nieasurable. 

The previous argument also shows that, thanks to condition (DR), any 
random vector u(x), with t := x- v > r q and ro as in (DR), is 7£ f -rneasurable. 

Let G V be the law of the solution to (1.1) for a fixed realization 
of w G 0 and subject to the initial condition x(0) = x. We denote T X 0J := 
(X,M,Q x ,uj) and by M X)U; the respective mathematical expectation. In the 
particular case when x = 0, we shall suppress the subscript x. 

The process 



( 2 . 2 ) 


t >0 


is a d-dimensional standard Brownian motion starting at x over T XtU1 for any 
ui. We denote by p^ : M + xR^xl^ R + the transition probability densities 
of the diffusion given by (1.1). 

Define a measure To ° n (D x X, £>(D) <gi M.) as the semiproduct 



VdeB(O), BeM 
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and a stochastic process 

(2.3) V(t;u;,7r) :=u(7r(i);a;), t > 0, 
over (0 x X, 13 (fl) <8 >M,Pq). 

Theorem 1.1 can be stated more precisely in the following way. 

Theorem 2.2. Suppose that u is a velocity field satisfying the assump¬ 
tions (A), (DR) and (R). Then, there exists a probability measure p on 
(f2 x X, B(H) <8> Ad) that is absolutely continuous w.r.t. Pq and such that the 
process V(-) is stationary and ergodic w.r.t. p. In addition, the law of large 
numbers holds w.r.t. Pq, that is, 

(2.4) lim — — = [ u(0 )dp, Po-a.s. 

it+oo t J 

In Theorem 2.2, ergodicity of the relevant measure is understood as the 
absence of shift-invariant nontrivial sets. More precisely, any Borelian subset 
A C X such that 

J |1 e h (A)(V(-)) ~ 1a(D(-))| dp, = 0 for all h > 0, 
must be //-trivial, that is 

(2.5) p[(co,tt) : V(-;u,ir) G A] = 0 or 1. 

3. Nonretraction times. In this section we introduce a family of ran¬ 
dom variables that, for reasons which become obvious later on, we shall call 
nonretraction times. They are not stopping times and describe subsequent 
times after which no retraction of the diffusion can occur in the direction 
pointed by the mean velocity. This notion is based on a discrete analogue 
introduced for random walks on a random lattice in [17]. Since the results 
contained in this section are modifications of the corresponding results of 
[17], we postpone their proofs to Appendix A. 

For any it G X, l G [0, +oo), we let 

(3.1) D(l]ir) := min[f > 0 : v • ir(t) < — 1 + l]. 

For brevity sake we write D := D(y ■ 7r(0)). Let 

U u ( 7r) := min[f > 0: v • 7r(t) > u], 

( 3 - 2 ) 

U u ( it) := min[f > 0: v • 7r(f) < u] 

and 

(3.3) M*(-7r) := sup[v • (it( t) — 7r(0)): 0 < t < D(ir)]. 
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The last random variable is defined for those 7 r, for which D{jt) < + 00 . 
For any t > 0, we define also 


(3.4) 


m ■■= 


it: inf (7r(s) • v — 7r(0) • v) > —1 

se[o,t] 


We introduce the sequence of (A4j)-stopping times ( Sk)k> 0 i {Rk)k> 0 and 
the sequence of maxima (Mk)k >0 letting 


So := 0, Ro-=0, M 0 :=v-7r(0), 

(3.5) Si := U M o+ro+i < + 00 , Ri :=Do 0 Sl + Si < + 00 , 

Mi := max[v • ir(t), 0 < t < R.\] < + 00 , 


where ro > 0 is as in (DR). 

By induction we set, for any k> 1, 


Sk+l UM k +r 0 +l, Rk +1 '—Do 8s k+1 + Sk+ 1 , 

(3.6) 

M k+ 1 := max[v ■ 7r(t), 0 <t< R k +i\- 
The following lemmas hold. 


Lemma 3.1. There exist deterministic constants 7,71,72 >0 such that, 
for each x e we have 

(3.7) Qx,u>[D = + 00 ] > 7 , F-a.s., 

(3.8) Q x ,u,[Ux-v-m < 74-v+m] < exp{- 7 !M} VM>0, P-a.s, 

(3.9) M X>UJ [M*,D < + 00 ] < 72 , P-a.s. 


Lemma 3.2. With the notation of Lemma 3.1, for each x £ M. d , we have 


(3.10) 

and 

(3.11) 


lim sup M Xja 

m|+00 




m 


1 

- S’ 


-a.s. 


Qx,uj[Rk < + 00 ] < (1 - 7 ) fc V k > 1 , P-a.s. 


Let K := inf [k > 1 :Rk = + 00 ], or K = +00 if the set of which we take the 
infimum is empty. 


Corollary 3.3. For each x £ R rf , we have: 

(i) Qx,lo[K < + 00 ] = 1, P-a.s. and 

(ii) Qx,S[Sk < + 00 ] = 1, P-a.s. 
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We define the first nonretraction time t\ := Sk < +oo, Pq-&.s. The sub¬ 
sequent times of nonretraction r n , n > 2, are defined by induction using the 
relation 

(3.12) T n+ i := r n + T\ o 6 Tn for n > 1. 

Note that the random variables r n need not be (Ad^-stopping times. 

4. The transport operator and its properties. For any a, b £ RU{-oo, +oo}, 
a < b, we let V a> b be the a-algebra generated by u(x), where a < x ■ v < b. 
Consistently with Remark 2.1, we write V a for V_oo ia . Let To := (ST, Vo,IP), 

P D (du;) : = Q ;f +0 ° ] p W, 

P 0 [D = +oo\ 

P D (du>,dn) := ^(n)-+cc] p^ d uj, dir), 

P 0 [D = + oo ] 

and Tq := (S1,Vo,Pd)- Note that in light of (3.7), P^> is equivalent with P. 
Also, for any probability triple T the symbol P(T) denotes the set of all 
probability densities w.r.t. the relevant probability measure, that is, non¬ 
negative elements of L 1 ( / T) whose integral equals 1. 

In this section we introduce a certain linear operator : L 1 (Tq) —> L l (Tc) 
that preserves 7 ?(Td). It is conjugate, in the sense of (4.1), with the spatial 
shift by 7 t(ti), that is, 

[ M UJ [G(T w{Tl) (u)),D = +<x>}F(u)F(du;) 

(4.1) 

= j G(u)QF(u)Q u [D = +oo]F{cLj) 

(recall that Q u := Qo,uj, := Mo^) for any F and G that are corre¬ 
spondingly Vo and Vo,+oo~nreasurable; see Proposition 4.6. We will call £} a 
transport operator. 

4.1. Some consequences of the factoring property. Let To, := (fl,77,P) 
and let T 2 ®T 3 := (fl x fl, Vo 0 77, P (g) P). Condition (R) implies (see Ap¬ 
pendix B) the existence of an isometric isomorphism Z \L p (Ti) —> LPiT} <g> 
T 3 ), p E [1, oo] such that: 

(Zl) ZF > 0 for F > 0 and Z1 = 1, 

(Z2) for any F\..... Fj\r E L p (Ti) and : R N —> M bounded and continuous, 
we have ... ,F N )) = &(ZFi,... ,ZF N ), 

(Z3) ZF{u,u') = F(u) for all F E L P (T 2 ), ZG{uj,u') = G{J) for all G E 
L p (T 3 ), 

(Z4) ZF is Vq <8> 77*-measurable if F is Vt-measurable, for any t > 0. 
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Remark 4.1. From condition (Z2) we conclude immediately the follow¬ 
ing: 

(Z5) ZF has the same law as F for all F G L l (fTi). 

(Z6) Suppose that F\, F 2 G L°°(Ti). Then Z(F 1 F 2 ) = Z(F 1 )Z(F 2 ). 

Remark 4.2. Denote U(x) := iJ(u(x)) G L°°(T 2 (g) Tj) for any fixed x G 
One can find a modification of U defined over T 2 ®T^, that is of C' 1 -class 
of regularity P®P-a.s. and such that |jU(-; w,cx/)|| w i,oo( R d) < U [here U is as 
in the statement of condition (R)] for P<g)P-a.s. (lo,lo'), where U(-;u;,u/) := 
U(-;u;,u/) — v. 


4.2. The definition of operator £}. We start with some auxiliary nota¬ 
tion. Let 7w := (X, A4,W), where, as we recall, W is the standard Wiener 
measure. By P*. we denote the law in W l of random vector ir(Sk) over Tyy. 
Let 


^l(7t; u>) := exp|y u(-7r(s);w) dn(s) — \ J |u(7r(s); w)| 2 ds 


be the Radon-Nikodym derivative Here Q u ,Li Wl is the restriction of 

Q u , W to Ml for a given L > 0. /g u(7r(s);o;) dir(s), t > 0, is the stochastic 
integral with respect to the Wiener process 7r(-) over the probability space 
7w, (see [16], page 99). Using the properties (Zl), (Z2) and (Z6) of the 
operator Z, one can prove that 

(4.2) Z(u l (tt))(ui,uj') = 

where 

vl{^\ uj,u') := expjy U(7r(s);u;,u/) dir(s) — \ J |U(7r(,s);u;,ti/)| 2 

VL > 0. 


For x G R rf , we dehne W k,L,x G Vl and M^l.x, the regular conditional 
probabilities obtained by conditioning of W l on the event {n(Sk) = x, Sk G 
[L — 1,L)} and the respective expectations. 

The linear operator £} satisfying (4.1) will be defined as follows. For any 
F that is bounded and Vo-measurable, define 

(4.3) QF(u') := J lC(uj,uj')F(u)F{duj), 

where 

+oo 
k,L =1 


M k ,L, x {u,T_ x u')F k (dx) 


(4.4) 
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and 

( 4 . 5 ) A 4 fci L jX (w,w') := M k)L ^[b's k {^\uj,J) 1 A(Sk),L- 1 <S k < L\. 
Let 


4(7r) := V • 7T (Sk). 

Note that vs k is Vo ®TZ tk ^-measurable for W^-a.s. n. Hence A4fc ) i iX (-,T_ x -) 
is Vo <8> Vo-measurable for Ffc-a.s. x. 

Remark 4.3. The definition of the operator 0 given by (4.3) and (4.4) 
may seem to look a bit technical at the moment. To motivate it we re¬ 
mark here that 0 is constructed in such a way that the property expressed 
by (4.1) holds; see part (i) of Proposition 4.5 and Proposition 4.6. This 
property enables us to reduce the question of the existence of an abso¬ 
lutely continuous modification of measure Po under which the sequence 
{r k+ \ — Tfc, 7r(Tfe_|_i) — 7r(rfc)), k > 1, is stationary to the problem of the exis¬ 
tence of an invariant density for 0; see Theorems 4.7 and 5.1. This result 
together with integrability of the moments of t\ and | 7t(ti ) | (see Proposition 
5.2) allow us to conclude the assertion of our main Theorem 2.2. 

4.3. Basic properties of the transport operator. The following proposition 
holds. 

Proposition 4.4. For any nonnegative F £ L°°(Td), 

(4.6) J QFdP D = J F dP D . 

Hence, 0 can be extended to a density-preserving operator 0:L 1 (Td)—» 
L l (T D ). 

Proof. The left-hand side of (4.6) equals 

p ^ D ^ +oc j j j /C(w,u/)-FMQa/ [D = +oo]P(da;)P(du)') 

1 

P 0 [D = Too] 



X QT n(Sk) u'[D = +oo}F(uJ)W(d^T)F(duJ)F(d^J , ). 


( 4 . 7 ) 
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Using properties (Z2) and (Z3) of operator Z , we conclude that the right- 
hand side of (4.7) equals 


P 0 [D = + 00 ] 


+ OO 

E 

k,L =1 


J J VS k (n-,Uj)lA(S k )l\L-l,L)(Sk ) 


x QT n(Sk) Lj[D = +oo]F(u;)W(diT)P(du;) 


1 

P 0 [D = + 00 ] 

+00 

x £ / M w [Q TT(Sfc)W [^ = +oo],A(5 fc ),5 fc <+oo]U(a;)P(dw) 

= P 0 [-P = + Oo] Z Q^ D = + °°’ T l < +°o} F (u)F(duj). 

Since t\ < + 00 , Q^-a.s. we conclude that the last expression is equal to the 
right-hand side of (4.6). □ 


Suppose that F:(Mxlx M rf ) N — > M and G : U —> M are bounded and, 
respectively, Borel and Vo-measurable. Let n, N be positive integers, 0 < 
t\ < ■ ■ ■ <t n , and F \,..., F n : — * M, H:( Rxlx R. d ) N ->1 be arbitrary 
bounded and measurable functions. 

Define 



and 


(4.9) i k := (£fc,T fe+ 1 - r fe ,7r(r fe+ i) -7r(r fc )). 

Here tq := 0. Let also g be a positive integer and 7P 9 '(s) = 7r(s A r q ), 


(4.10) 


M) _ 

sfc ■— 



II Fp(u(7r (9) (fp + s)))ds. 
p =1 


and define 


7 ( 9 ) 

Sfc 


accordingly. 


Proposition 4.5. Let n > 1 be an arbitrary integer. Suppose that 0 < 
t\ < ■ ■ ■ <t n are arbitrary and k > 1, are defined by formulas (4.8) 

and (4.9). Under the assumptions on F, G specified above, we have: 
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(i) 

(4.11) 


fj F{(£, k+l ) k >i)G(uj)P D (du},d'K) 

= j j F((£ k ) k > 1 )£lG{u)P D (dw,d'n r). 


(ii) In addition, suppose that q > qo > N are certain integers, function 
H and random variables ^\ k > 1, are specified as in the foregoing. 

Then, there exists a random variable Y gL°°(Td) such that 


(4.12) 


jJ F((4 +g ) fc > 1 )i/(|j 9o) ,...,^° ) )G(a;)P D (d W) d tt) 
= If F{^ k ) k > 1 )Q.^Y{u)P D {du,dTv). 


Y is nonnegative when G, H are nonnegative and 

(4.13) Jj Y(Lv)P D (duj, dn) = ff Hi ^,..., ffi)G{u)P D {dw, dir). 


Proof. For any sequence m := (mi,..., m q ) G we define a sequence 
of Markovian times 


(4.14) aff := 0 and a™ 1 : = cr r m + S mr+1 ° 0<r™, r = 0,...,q-l. 
The sequence is defined on the set of paths satisfying 


B( m) 


7r: all random times appearing in (4.14) are finite and 


inf (tv (t) ■ v — tv (a™) ■ v) > —1, Vr = 0,..., q — 1 
teWP,<r™ +1 } 


Let 



] Fp(u(7r(t p + s))) - ff“,7r((r” J - 7r((7, m ) 


p=i 


r = 0,...,q — 1, 


and 


£ 


m,go 

r 



{t p + s)))ds,a™ +l 



r = 0,...,q — 1. 
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We have 


1 

P 0 [D = + 00 ] 


Fdik+^Hii ? o) ,...,4 90) ) 


x G{u)l [D{n)=+oo] P 0 (du;,dTT) 


(4.15) 


1 

Pq[D = + 00 ] 


OO 


*EE 

L=1 m 




F((ik o e a 


>k> 1 


)m r 


m,go 




D o 0 a m = + 00 , £?(m), L — 1 < cr™ < L 


x G(w)P(du;). 


Using the strong Markov property and stationarity of the environment, we 
can recast the right-hand side of (4.15) in the form 

( 4 -!6) Po[D = +ool /./ F (^ fc +9-9o)fe>i) y ( w ) 1 [D(7r)=+oo]^o(da;,d7r), 

where U (ur) is a certain Vo-measurable random variable. Note that Y can be 
chosen so that it is nonnegative when H and G are nonnegative. Choosing 
F = 1 in the argument above, we conclude also that Y satisfies (4.13). 

In the special case when q = 1, qo = 0 and H = 1, we can rewrite the 
right-hand side of (4.15) in the form 


1 


P 0 [D = + 00 ] 


E 

m,L= 1 1 




F{{£k°0Sm)k> l)) 


Do0Sm= + 00 , A(S m ),L - 1 < S m < L 


(4.17) 


x G(u)F(du) 


P 0 [D = + oo] m ^ r 


M„ 


M n(Sm)A F ((^)k>l), D = + 00 ], 


A(S m ),L — 1 < S m < L 


x G(uj)¥(du). 
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Using Girsanov’s theorem and subsequently conditioning on [7r(5 m ) = x, S k £ 
[L — 1 ,L)\, we deduce that the right-hand side of (4.17) equals 


P 0 [D = +oo] 


E 

m,L= 1 


M mi L iX [z/s m (7r;o;),^(5 Tn ),L - 1 < S m < L] 


(4.18) 


x M Tx u[F((£k)k>i), D = +°°] 


x G(o;)P(<L;)F m (dx). 


Since the second and third factors of the integrand appearing in (4.18) are, 
respectively, 77 and Vo-measurable, we can rewrite the entire expression, 
using property (Z3) of operator Z , in the following form [cf. (4.5)] 


1 


OO 


P 0 [D = +oo] 


m,L =1 


^4m,L,x(w,W ) 


(4.19) 


X M-T x u>'[F((£k)k>l),D = +OC>] 


x G(w)P(dw)P(du/)F m (dx) 


= jM u ,[F{{£ k ) k > 1 ),D = +oo]0G(cu)P(du;). 

We have proved therefore (4.11). To obtain (4.12), thus finishing the proof 
of the proposition, it suffices only to apply (4.17) to (4.19) q — qo times. □ 

Suppose that m, n > 1, 0 < t\ < ■ ■ ■ < t n , 0 < si < • • • < s m and F : (R d ) n —> 
M, G:(R d ) m ->M. Let 

U k ■■= F( u(tt(U + r fe )),..., u(7r(t n + r fc ))) 

and 

G {qo) ■= G( u(7T^)( Sl )), . . . , u(7>)( Sm ))). 

The proof of the proposition formulated below is analogous to the one used 
to show Proposition 4.5. 

Proposition 4.6. Suppose that we are given q>qo- Then, there exists 
a random variable Y such that Y e L°°(Td) and 

jJ U q (uj,TT)G( cl0 \u;,TT)P D (du;,dTT) 
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(4.20) 

= J j Uo(u),ir)£l q - go Y(Lu)PD(duj,dTr). 

Y is nonnegative when is nonnegative and 

(4.21) JJ Y(uj)Pr)(duj, dir) = J J g( qo ' > (u),Tr)Pr)(duj,dir). 

4.4. The existence of an invariant density. The following result is of 
crucial importance for us in the sequel. 


Theorem 4.7. There exists a unique 77* G V{Td) such that £277* = 77* 
and 77* > 0, P^-a.s. (thus also P -a.s.J. In addition, there exist deterministic 
constants 74 G (0,1), 75 > 0, such that 

(4.22) j \£l n F - 77*| dP D < 757 ? VFeV(T D ),n> 1. 

The existence and uniqueness of a positive invariant density is a conse¬ 
quence of Theorem 5.6.2 of [11] and the following lemma. 

Lemma 4.8. There exists a deterministic constant 73 > 0 such that O.F > 
73, P D -a.s. for all F G V(T D ). 


Proof. Suppose that A G Vo- We have 

1 


QFdP D = 


P 0 [D = 00] 

+ OO 


(4.23) 


fc=i 


\Qn(Sk),u' \D — +00] 


X lA{T^s k) J),A(S k ),S k < Too] 


x F{u)P{duj)P(dJ). 


Here M u y is the expectation operator corresponding to Qu,u >'—the unique 
solution of the martingale problem 


(4.24) 


7x(t) = U(x(7);u;,a/) dt + dw(t) 
x(0) = 0. 
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Using Lemma 3.1, we can estimate Q n (Si),u'\P = +oo] > 7 , while H(Si) [no 
backtracking may occur before Si; cf. (3.4)] is clearly implied by the event 
[Si < D\. Hence the right-hand side of (4.23) is bound from below by 

(4.25) 7 / JM^[l A (T n{Sl) io , ),S 1 <D,S 1 <+oo}F(io)F(du;)¥(diJ , ). 

Let G be a certain bounded subregion of the layer [xEM^-l < x • v < 7*0 +1] 
containing 0, with a C^-smooth boundary dG. We assume further that 
part of dG of positive surface measure S is contained in the hyperplane 
H := [x£ W l : x - v = ro +1]. The expression in (4.25) can be further estimated 
from below by 

(4.26) 7 // 


Here tq denotes the exit time from G, ip(x-,Lu') := l y i(T x a; / ) for x £ <9GnHI 
and <y?(x;u/) := 0, if x £ dG \ EL Using absolute continuity of the harmonic 
measure and the standard lower bounds for Green’s function corresponding 
to the generator of (4.24) and the region G (see, e.g., [4], Theorem 3.1, page 
616), we can bound (4.26) from below by 


(4.27) 


C 


l A {T y J)S{dy) 


dGrm 

= C|dGnEI|P[H] [ F(uj)F(duj) 


F(cu)P(dw)P(du/) 


> CPo[D = +oo]|<9G'nEI|P[H] J F(u>)F D (duj) 
= CP 0 [D = +00] \dG n H|P[A], 


where C > 0 is a certain deterministic, positive constant and \E\ denotes 
the surface measure of a Lebesgue measurable subset E C El. Here we used 
the fact that F G T>(Fj))- □ 


5. The construction of an invariant measure. Let H * be the invariant 
density for £3, see Theorem 4.7. We set 

Ph* (du), dir ) := H 3f {u])Pr,{duj,d'K). 

Note that Ph, is a probability measure on (13 x £,£>(12) (g) M). 

Theorem 5.1. Let n > 1 be an integer and 0 < t\ < • • • < t n be arbitrary. 
We suppose that F \,..., F n : —> R are any bounded measurable functions 
and the sequence (Ck)k >0 is given by (4.8) and (4.9). Then (fk)k >0 is sta¬ 
tionary and ergodic over the probability space (12 x £,23(12) ® M,Ph*)- 
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Proof. Stationarity is a direct consequence of part (i) of Proposition 4.5 
and the definition of H *. To prove ergodicity, we show that any bounded 
measurable function F:(Rxlx R d ) N —> R, for which 

(5.1) ^ 1 ((Cfe+n)jt> 1 ) = F((ik)k>i) Vn> 1, Pff.-a.s., 

satisfies F((£ k ) k >i) = const, Ph„- a.s. Let e > 0, N > 1, be arbitrary. We can 
find : (1 x R x R^)^ —> R bounded, continuous and such that 

// \F((ik)k>i)-F^ N \i 1 ,...,i N )\dP Ht <e. 

Then, 

(5.2) JJ \F((i k ) k > 1 )[F((i k ) k > 1 )-F^ N \i 1 ,...,i N )}\dP Ht <esup\Fl 


On the other hand, for any q>qo, we have, from (5.1), 

J / F((£ k ) k > 1 )F( N \£[ qo \...,ffi ) )dP Ht 

(5.3) 

= / J F((i k+q ) k > 1 )F^(^\...,^)dP H ,. 

By virtue of Proposition 4.5, we conclude that the right-hand side of (5.3) 
equals 

J j F((£ k ) k >i)£l q ~ qo Y dP Ht 


for a certain Vo-nreasurable Y such that 

jj YdP H , =JJ F( N \£[ qo \...,£% o) )dP H ,. 

First letting q j" +oo and then qo | +oo, we conclude that 


Jj F((£ k ) k > 1 )F( N \i 1 ,...,i N )dP Ht 


(5.4) 

= JJ F((£ k ) k >i) dP Ht 
which, in light of (5.2), yields 

fc>i )] 2 dP H , - 


£iv) dPn t , 


l2 


F((ik)k> l) d p H « 


< 2esup |.F|. 


Since e > 0 was chosen arbitrarily, we conclude that F((£ k ) k > l) = const, 
Ph*~ a.s. □ 


The following proposition holds. 
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Proposition 5.2. We have 

(5.5) JJ n dP H , < +oo 
and 

(5.6) JJ |7r(7i)| dP H „ < +oo. 

Proof. First we show the following. 

Lemma 5.3. 

(5.7) re* := / / v • Tr(ri)dP Ht < +oo. 


Proof. We can write that 


K—l 


v • 7t(ti) = Y] v • (vr(5' fc+ i) - vr(S'fc)) 
fc =0 

with random variable K defined before the statement of Corollary 3.3. 
Hence, 


K—l 


(5.8) 

and in consequence, 


7r(n) < r 0 + 1 + Y (r 0 + 1 + M k - v ■ ir(S k )), 

k =1 


V ■ dP Ht , <r 0 + l+ / /(r-o + l + Mfe/ - v-n(S k >)) 

l<k’<k' 


(6-9) ^ l[S/ c <+oo,Do6s fc =+cxD] dP}j t 

<r 0 + l+ ^ f[(r 0 + l + M k ' - v-7r(Sfc/)) 


x 1 


[Rfe_i<+oo,I 3 o 05 , =+oo] dPll* ■ 


Since = D o 0s fcl + <Sfc_i, we obtain, upon a multiple application of 

the strong Markov property for and (3.7), that the right-hand side of 
(5.9) is less than or equal to 

r 0 + l+ Y, (1-7)"" 1 -"' 

1 <k'<k 
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x / / (jo + 1 + M k , - v • vr(5 fc /))l[ jRfc/<+00 ] dP H , 


(5.10) <r 0 + l+ £ (1-7)“' 

Pop = + 00 ] ^ <k 

x J P*(w)M w [M 7r(Sfc/)>tJ [ro + 1 + M*,P> < +00], 

Sfc/ < +oo]P(dw). 

By virtue of (3.9), we conclude that the right-hand side of (5.10) is less than 
or equal to 

r 0 + 1 + 72 


U) + l + 


(5.11) 


Pop = + 00 ] 
x £ (!-7) 

1 <k'<k 


k-l-k' 


H*(uj)Q u [S k ' < +oo]P(<iu) 


(3.11) +2? , , 

< r 0 + 1 + C £ fc(l - 7)^ 1 < +00, 

k =1 

for some constant C > 0, and (5.7) follows. We have used here the fact that 

J H*(u)F(du) < 01 J y H^u)P D (du)<+oo. □ 

Continuing with the proof of the proposition, we let be a random 

sequence of integers defined by 

(5-12) T km < U m < T km + 1 . 

Recall the convention that tq := 0. Then P/^-a.s. we have 

v • 7r(r fcm ) < m < v • 7r(r fcm+ i). 

By virtue of Theorem 5.1 and the individual ergodic theorem, we conclude 
that 

V • 7t(t ; k ) Lemma 5.3 

lim - 7 -= 10 * < +oo, Ph„- a.s. 


fcf+oo k 


But 


therefore 


y-ppcj < v ■ n(n m + 1) 

lc ~ h k ’ 

r^m, rvm rx, m. 


lim 


km. 1 


mt+oo 171 W * 


Pff*-a.s. 








20 


T. KOMOROWSKI AND G. KRUPA 


Let 

(5.13) t* := JJ T\ dP Ht ■ 


Trivially, we conclude that G (0, +oo]. We also have 
(5.14) 


Ufn, ^ Tk n , k m 
m ~ km m 


Inequality (3.10) of Lemma 3.2 implies in particular that 


(5.15) 


liminf-< +oo, Ph,-&.s. 

m —>+oo rn 


On the other hand, an application of the ergodic theorem to the sequence 
((r n +i — r n )) n >i implies that the right-hand side of (5.14) tends Ph«- a.s. 
to t*/w*, which by virtue of Lemma 5.3 and (5.15) belongs to (0, +oo). 
Consequently, we conclude that f* < Too and (5.5) holds. 

Additionally, we have 


(5.16) 


J J |7t(ti)| dP Ht < ||u|| L oc JJ n dP H , + 


w(n )\dP Ht - 


Denoting X := sup 0<t<1 |w(t)|, Y := sup t>1 |w(t)|t 3 / 4 , we can estimate the 
second term on the right-hand side of (5.16) by 

JJ dP Ht +IJ YrfdPn, 

<JJ XdP, Ir + 

Here we used the fact that Quj[Y > u] < ci exp{— C 2 U 2 } for some constants 
ci, C 2 > 0 independent of uj and all u > 0. This can easily be concluded from, 
for example, [1], Theorem 5.2, page 120. □ 


YUPh, 


1/4 


n dP Ht 


Ci/4 


< Too. 


As a consequence of Proposition 5.2, Theorem 5.1 and the individual 
ergodic theorem, we obtain the following. 


Corollary 5.4. We have 

N—l 


1 

N 


(5.17) 


J 2 & 

k =0 


10 


n F p (u(Tr(tp T s))) ds 
p =i 


PH*(du,dTT ) 


as N —> Too. 


The convergence in (5.1 7) holds both Pn^-a.s. and in the L 1 (Ph,)- sense. 
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Suppose that Q XjUJ ,t is the probability measure on obtained by restrict¬ 
ing Q x ,u to jMt- Let also denote, respectively, the probability 

measure and the respective expectation obtained by conditioning Q XjU i,t on 
the event n(t) = y. Recall (from Section 2) that p aJ (-, ■; •, •) denotes the tran¬ 
sition probability density of the diffusion given by (1.1). We set 

7im(x,S,U},TT) 

■= l[D(x.v)=+oo](7r)p u '(s,x,0)Q^[^(s),5 m < 8 < S m +i\H*(T x u}). 

Lemma 5.5. Let n> 1, F±, ...,F n E C&(M d ) and 0 < t\ < • • • < t n . Then, 



Remark 5.6. Note that in light of Proposition 5.2, the right-hand side 
of (5.18) is finite. 

Proof of Lemma 5.5. Before proceeding with the proof, we intro¬ 
duce two additional renewal structures via a slight modification of the times 
(Sk)k> i- These structures allow us to describe moments S & that occur after 
certain deterministically fixed time s; see (5.26). 

Let I,mSl, Recall that D(l) is defined as in (3.1). Let Mq(1 ) := max[7r(i) • 

v:0 < t < D(l)]. We define the stopping time S^\l,m) as follows. On the 
event D(l) < +oo, we let 

:= min[t > D(l) :ir(t) ■ v > (. Mq{1) V m) + ro + 1] 

and 

:=Do9 s (i)^ m) + s[ 1 \l,m), 

M^\l,m) := max[-7r(t) • v:0 < t < R^\l,m)]. 

We set 

5^ ( l , m) := ( l , m) := +oo if D(l) = +oo. 

The subsequent times R^\l,m), s£\l,m) and maxima are de¬ 

fined as follows: 

(5.19) S k+1 (l, 771) ■— UM k (l,m)+ r 0 +l) 

(5.20) R^l 1 (l,m):=s£l 1 {l,m) + Dod m 

°k+l(l,m) 

M^i(/,77i) := max[7r(t) • v : 0 < t < R k \l,m)}. 


(5.21) 
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Similarly for l > 7r(0) • v, we define 

S'P (Z) := min[f: n(t) ■ v > l + ro + 1] 

and 

R?(l):=Do9 s ^ {l) + s{ 2 \l), 

:= max[7r(f) • v: 0 < t < R[~\l)]. 

( 2 ) (o) (2) 

The subsequent times R k (l),S k (l) and maxima M k (l ) are defined by 
means of (5.19)-(5.21) with the obvious replacement of superscripts and 
arguments (l,m) by l. Let 

K^(l,m) :=mm[k:S£\l,m) <+oo,Do6 s w m =+oo] 

and 

K^ 2 \l) := min [A;: S^\l) < +oo, D o = +oo]. 

Note that the definitions of S k (■, •), k > 1, differ from the respective def¬ 
initions of Sk, k > 1, only through the designation of the first time (-, •). 

The same remark extends also to (•), k > 1. Therefore, a straightforward 
adaptation of the argument used to prove Corollary 3.3 allows us to conclude 
that, for each 1, m E R, x E M rf , we have 

(5.22) Q XiU! [K^(l,m) < +oo,S , ^ 1)( ^ m) (Z,m) < +oo] = 1, P-a.s., 

(5.23) Q x ,o)[^ { 2) (0 < +oo,S^ 2)(J) (Z) < +oo] = 1, P-a.s. 

To explain the meaning of <S^(-, ■), S k (-), k> 1, consider the case when s 
is a certain fixed deterministic time, mi < m 2 are two positive integers and 
7r(-) is a path that satisfies s E [S mi ,R mi ), S m2 < + 00 . Then, we can write 

(5.24) S m2 (n) = s + S^l_ mi (TT(S mi ) ■ v, N mi (s)) o 9 s (ir). 

Here N m (s ) := max[7r(t) • v: t E [S m As, s]]. If, on the other hand, s E [R mi , S mi+ i), 
S m2 < +00 , we have 

(5.25) S m2 (ir) = s + o O s (tt). 

Recall that M mi is defined in (3.5) and (3.6). 

For brevity let us denote 

n 

F(s) := F p (u(9 s (n)(tp))) 

p= l 
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and B m := [D o 9s m = +oo, D = +oo]. The right-hand side of (5.18) equals 

-Too . re.*? 

' r&m 


E 


m= 1' 


F(s) ds, Sjyi +oc, 


H*(u)F(duj) 


= E 


r*+00 


0<mi<m2 — 1 ‘ 


(5.26) 


[T(s) 1 [ 5 mi ) (s), 


5 m2 < +oo,.B m2 ].ff*(w)P(c?u;) > ds 


+ E 

0<mi<m2 —1 ’ 


r+oo 


M w [F(s)l [flmiiSrai+l) (s), 


S m2 < +oo,B m2 ]H*(u)F(du) ^ ds 


Using the Markov property, the definition of stopping times and 

(5.24) we can recast the first term on the right-hand side of (5.26) as being 
equal to [cf. (3.4)] 

r+o o f r 

E L I / M 4 1 [Smi,.Rmi)( S ) 


0<7Tll <7712 — 1 1 


(5.27) 


x 9m2 — m\ M^), 7r(S mi ) • v, iV mi (s)), yl(s)] 


x H*(u)F(dw) > ds, 


where 


g k {x,l,m) := M XiW [F(0),S'|. 1) (/,m) < +oo, D o = +oo, D(0) = +oo}. 

Using (5.22), we conclude that the expression in (5.27) equals 


+00 /»-)-00 

E L \t M.[l [5miiRmi) ( S )A(s)]^(^) 


(5.28) 


mi=0 1 


X = +oo]P(cL>) \ ds. 


Conditioning on the event n(s) = x, we obtain that the expression in (5.28) 
equals 


(5.29) 


S~°° r r+oc r 

E // / f'( J ,o,x)M;;[i [s , ijS . il ( 1 ) 1 iwi 

mi =0 J J0 JR 


x M X)tJ [T 1 (0), D(0) =+oo]H Jr (uj)F(du) dsdx. 
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Using the homogeneity of P and changing variables x : = 
that the expression in (5.29) equals 



—x, we conclude 


(5.30) 


xM^[4( S ),5 mi < S <fl mi ] 


x H*(T x u))F(0)Po(duj,d7r) dsdx.. 

Note that thanks to the definition of A(s), the integration over variable x 
extends only over the region [x: x • v < 11- 

Repeating the same type of calculations for the second term on the right- 
hand side of (5.26) [using stopping times S^\l) instead of S^\l,m) and 
(5.25)], we conclude that it equals 



(5.31) x [A(s),R mi <s< SV^+i] 


x H*(T x Lu)F(0)Po(du>, dir) ds dx, 


and (5.18) follows. □ 

Applying Lemma 5.5 to n = 1, t\ = 1 and F\ = 1, we conclude immediately 
the following. 


Corollary 5.7. 

P 0 \D = + oo] / / TiPu^du^-K) 


(5.32) 


"I -00 p ~\~ OO 

= £ 

m=l 


0 JR d 


j j 77 m (x, dsdxPo(duj,dir). 


Let 

(5.33) fi(du),d7r) 


X +2? r r+oo r 

-Z Y] / / Tdm(^-,S,UJ,TT)dsdx 

Z Ido Jm. d 


Po(duj, dn), 


where the constant Z, by definition, equals the right-hand side of (5.32). 
Thanks to (5.5), we have Z < +oo. By virtue of Corollary 5.7 p is a proba¬ 
bility measure. 
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Proposition 5.8. The process V (•) given over (0 x X, B(Q) <g> M,p) by 
formula (2.3) is stationary and ergodic. 


Proof. The proof of stationarity. Let n > 1, F\,... ,F n £ Cb( R rf ) and 
0 < t\ < • • • < t n . Then, for any h > 0, we can write 



F p (u(ir(t p + h)))p(dui, dir) 


Lemma 5.5 Fq[D — Too] 

z 



F p (u(ir(t p + h + s))) ds 

p =i 


(5.34) 

Corollary 5.4 P(j\D — +OC)] 

z 


x Ph* (du, dir) 


x lim — 

AT+oo N 



II F p (u(ir(tp + h + s))) ds 
p= i 


x Ph. (dui, dir). 


Since the integration over an interval of length h does not influence the value 
of the expression on the utmost right-hand side of (5.34), we conclude that 
it is in fact equal to 



Proof of ergodicity. Proving ergodicity is tantamount to showing that, 
for any bounded and Borel measurable F: X —> R that satisfies 

(5.35) FoO t (V(-)) = F(V(-)) Vt> 0,/z-a.s., 

we have F(V (•)) = const, //-a.s. Similarly to what we have done in the proof 
of Theorem 5.1, for any e > 0, we can find N > 1, 0 < ti < • • • < ijy and 
F( n ~) : (R^)^ —> R bounded, continuous such that 


F(V (•)) - F^ N \v(h ),..., V(t N ))\dpi < e. 
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Let q> qo be arbitrary and V^ q °\t) := V(t A T qo ), t > 0. Using (5.35), we 
conclude that 


(5.37) 


= J J F(0 Tq (V(-)))F( N \v^\t l ),...M qo \t N ))d». 


Using Proposition 4.6 and an argument analogous to the one applied in the 
proof of Theorem 5.1 [see in particular the argument leading up to (5.4)], 
we conclude, upon the subsequent passages to the limit in (5.37), first as 
q —> Too, then as qo —> Too, that 


(5.38) 


jjF(V(-))F^(V(t 1 ),...,V(t N ))d M 

= JJ F(V(-))dfiX Jj FW(y(t 1 ),...,V(t N ))dfjL. 


From (5.36) and (5.38), we conclude that 


r i 2 

Jf[F(y (■))]* dfi- JJ F(V(-))dfj, 


< 2esup \F\. 


Hence, upon the application of the fact that e > 0 has been chosen arbitrarily, 
we get 


JJlF(V(-))] 2 d^=yjF(V(-))d^ 


so F(V(-)) = const, [i- a.s. □ 


6. The proof of the law of large numbers. 

5.8, we immediately conclude that 

/ rr(f\ 1 ft 

(6.1) lim -= lim - / V(s)ds 

t—>+ oo t t^+oo t Jo 


From (2.2) and Proposition 


= v*, /i-a.s., 


with v* given by (1.2). 

We show that the limit in (6.1) holds Po' a - s - To demonstrate this fact, 
it suffices only to show that n(t)/t converges Po-a-s., as t —> Too, to a de¬ 
terministic limit, which, as a consequence of the absolute continuity of // 
w.r.t. P 0 , must be equal to v*. In fact it suffices only to show the Po-a.s. 
convergence of the sequence (7r(n)/n) n >i. Indeed, we have 


( 6 . 2 ) 


lim sup 

n —>+oo n <£< n _|_i 


vr(t) 

t 


7r in) 
n 


= 0 . 
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The latter is a consequence of the following estimate, that is an immediate 
consequence of ( 1 . 1 ): 


(6.3) 


Po 


sup sup 

,n>N n<t<n -\-1 


7 T (t) — vr(n)| 
n 


> £ 


< w 


sup 

.t>N 


T(t)\ 

[t] 



Inequality (6.3) holds for any e > 0 and N > 2 (U + |v|)/e, with U the con¬ 
stant from condition (R). The right-hand side of (6.3) is as small as we wish, 
provided that N is chosen sufficiently large. 

Let f* be defined by (5.13). We also denote 

W * != .// 7T ^ dF>H *' 

Note that, in consequence of Corollary 5.4 and Lemma 5.5 we have the 
following. 

(6.4) lim — = £*, lim ^- = w*, Ph„- a.s. 

n—>+oo n n —>+oo n 

Let us consider a nondecreasing sequence (l n ) n > i, that tends to infinity 
Ph,~ a.s., defined by 


(6.5) 

We have 

( 6 . 6 ) 

Writing 

(6.7) 


<n<T in + 1. 


n 


lim — =t*, Pm- a.s. 

rtt+oo l n 


?r(n) l n ir(n) - 

n L n n 


we conclude, by virtue of the individual ergodic theorem, that 

( 6 . 8 ) 

Let 


vr(n) w* 

Inn -= —, Ph»~ a.s. 

nt+oo n f* 


E: = 


( x rtjtn)n> 1 £ (®1 x 


Em=l x m , W* 

yn + t ’ 

Z^m=l •'* 

Em=l 1 


or 


n 


7 L f* as n | +00 


From (6.4), it follows that 


(6.9) 


I lE(( 7 r(r n+ i) - 7 r(r n ),r n+ i ~ Tn)^) dP H , = 0 , 
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hence 

J M w [l E ((7r(r n+ i) - 7r(r n ),r n+ i - T n ) n > 1 ),D = +oo]H*(u)F(du) = 0. 
Since -H* > 0, P-a.s., we conclude that 

(6.10) M u [l E ((Tr(T n+ i)-ir(T n ),T n+ i-T n ) n > 1 ),D = +oo] = 0, P-a.s. 

However, repeating the calculation made in (4.15) through (4.19), we 
obtain 


( 6 . 11 ) 


with 


J l E ((ir(T n+2 ) - 7r(r n+ i),r n+2 - T n+1 ) n ^ 1 ) dP 0 

= J H(u}')M u '[l E ((iv(T n+1 ) - 7r(r n ),r n+ i - r n ) n > 1 ), 


( 6 . 10 ) 


0, 


D = +oo]P(<iu/) 



Mk,L,x(U, T_ x u/)F fc (dx)cflP(w). 


From the definition of the set E, we conclude therefore 

lim - — = —- and lim — =t*, Po- a - s - 

nj+oo T n t* n|+oo n 

Repeating the argument used in (6.5)-(6.6), this time with measure Po i n 
place of Ph, , we conclude that the limit in (6.8) holds Po~ a - s - C 


APPENDIX A 

Proofs of Lemmas 3.1, 3.2 and Corollary 3.3. Recall our standing as¬ 
sumption that k = 1. Additionally, since all the estimates obtained below, 
as it becomes apparent in the course of the proofs, are independent of the 
choice of the starting point of the diffusion, we shall set x = 0 throughout 
this section. 


A.l. Proof of (3.7). For any M > 0, we denote 

(A.l) S+ := [x€M d :—1< v • x < M] 

and P c+ the exit time from the strip. Since 
‘-’m 

(A.2) Qu[D = +oo] = ^hm Q^[T s + < +oo, v • 7 t(T 5 + ) = M], 
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inequality (3.7) will be proven once we show that there exists a constant c > 
0, which bounds the right-hand side of (A.2). Recall that, for any iv E fl, the 
process w w (-), given by (2.2), is an {Mt) nonanticipative standard Brownian 
motion, under Q u . Take any connected and bounded set 0 E V C S^- A 
simple argument involving the optional stopping theorem for martingales 
implies that 


(A.3) [n(n A Ty) • v] - M u 


rnATv 


u(7r(s)) • vds 


= 0 


Vn > 1. 


Note that —1 < tt (n A Ty) ■ v < M. On the other hand, with the choice of 5 
as in (2.1) we can write M ^Ty < (M + 1 )/5 and in consequence M W T,-+ < 

°M 

(M + l)/5, hence in particular 


(A.4) Q UJ \Tg+ < +oo] — 1. 

To finish the proof of (A.2), we choose 6q > 0 so that 6q < 5/2 and let 
0 E (0,6>o]• Then, using the Markov property of Quj[-\ we get 


[exp{—0v ■ 7r(t)}|Ad s ] 


(A.5) 


= exp {—Qv • 7r(s)} 

+ J M^{exp{—0v • 7r(it)}[— 8v ■ u(-7r(rt)) + 8 2 ]\M S } du 
< exp{—0v • 7r(s)} 


for t > s. The above calculation shows that exp{— 9v ■ vr(-)} is an ( M.t)~ 
supermartingale. The optional sampling theorem for supermartingales and 
(A.4) yield 

[exp{—0v • vr(5^)}] < 1. 


Thus, in consequence of the above estimate, we conclude that 

e 6 Quj[v ■ n(T s + ) = - 1 ] < 1 , 

M 

therefore 


Qu[v • 7r(T 5 -e ) = M\ > 1 — e~ e VM> 0, 
and (3.7) is proven. 


A.2. Proof of (3.8). We can write that the left hand-side of (3.8) is less 
than or equal to 

(A.6) Qu[Ts m > t M \ + Qu[T Sm <tM,v-vr(T 5M ) = -M]. 
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Here tM '■= 2 M<5 _1 , Sm := [x E R d :—M < v • x < M] and T$ M denotes the 
exit time from the strip Sm- <5 is defined in (2.1). Using the notation of (2.2), 
we can write that, on the event [T$ M > tM ], 


W w (tM)| 


rtM 

n(t M )- / u(-/r(s)) ds 

Jo 


> M. 


Hence, 


Quj[Ts m > f M\ < Qu[\wu(t M )\ > M ] < exp 


5M\ 

—y 


On the other hand, 


(A.7) Qu[Ts m <t M ,v-n(Ts M ) 


-M] < Qu 


sup 

.0 <t<tM 


W w (t)| > M 


Using elementary estimates on the law of the maximum of a Brownian 
motion, we bound the right-hand side of (A.7) from above by exp{ — 
and (3.8) follows. 


A.3. Proof of (3.9). For any integer m > 1, we have 

QM m <M*< 2 m+1 , D < +oo] 

2 m+1 |v| 


(A.8) < Q 

+ Q 

Let 


|7r(U 2 -)-2 m v| > 


2 m+1 |v| ~ 

\tt{U 2 ^) — 2 m v| <--- ,Uq o 0u 2rn < U 2 m+ 1 o 0jj 2rn 


c- 


, , „ . „. v • x 

x E M“ : x — (v • x)v < —— 


C is a cone containing the support of the law of u(x), x E R d . Therefore 
Jq u(7r(s)) ds E C, for all t > 0. On the other hand, there exists ci > 0 such 
that, for any m > 1, if 


x — 


> 


2 m+1 |v 

6 


and v • x < 2 m , 


then dist(x, C) > ci2 m . The first term on the right-hand side of (A. 8) can 
be therefore estimated by [since v ■ n(U 2 ^) = 2 m ] 
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The expression in (A.9) can be therefore estimated by 


Qu; 

2 m+l - 

| w u(t^2 m )| T Ci2 , Uym T 

T Quj 

sup W w (f) >2 m 


L o J 


UG[0,2 m + 1 /5] J 


(A.10) 


<Qu 


sup 
Lte[o,2 m + 1 /<5] 


W 


i(t)\ > Cl2 m , < 


2 ?n+l 


+ Qu 


sup 
Ue[o,2 m + 1 /(5] 


W 




Using once more the estimates on the law of the supremum of the Brownian 
motion, we bound the right-hand side of (A.10) from above by C 2 exp{—C 32 m } 
for some deterministic constants 02,03 > 0 independent of m. 

The second term on the right-hand side of (A. 8 ) equals 




Q-K(y 2 ™),u)[Uo < U 2 m+ i], |7r([/ 2 m) - 2 m v| < 


2 m+ 1 | v 

6 


< exp{- 7 i 2 m }, 


by virtue of (the already proven) (3.8). We have therefore shown that 
(A.ll) Qul 2 m < M* < 2 m+ \D< +oo] < C 4 exp{-c 5 2 m } 


for some deterministic constants 04,05 > 0 independent of m, and (3.9) fol¬ 
lows. 


A.4. Proof of Lemma 3.2. For any n > 1, we obtain 

(A.12) 0 = M w [v • w u (n A U m )\ <m- SM^n A U m ), 

and (3.10) follows. 

On the other hand, 


Quj[Rk T Too] 


strong Markov prop. 


Quj[Sk + D o6 Sk < Too] 

M ^[Q-K{S k )A D < + 00 ]) 'S'fc < Too] 


Lemma 3.1 

< (1 -~i)Q u [S k < Too] < (1 ~i)Qu [14-i 

and (3.11) follows by induction. 


< Too] 


A.5. Proof of Corollary 3.3. Part (i) is an immediate conclusion from 
(3.11) and the Borel-Cantelli lemma. To show part (ii), note that 

Q*,uj[Sk < Too] 


+oo 

= ^ ^ Qx.,cj[Rk— 1 ^ U H-ro+l ° @Rk— i ^ K o = 1] 

k =1 


(A.13) 
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+ OO [■ 

= y ' / ■^■x,Lj[Q7r(_Rj._ 1 ),a;[^m+ro+l ^ +OO, K = 1], 
k= 1 JR 

Rk-i < +oo, Mk-\ G [m, m + dm)]. 

However, using (A. 12), we can easily conclude that Q y , u [U m < +oo] = 1 for 
all y e R d , m£l, P-a.s.; hence the utmost right-hand side of (A.13) equals 

+oo „ 

Y / M x,u[Qn(Rk-i)A K = 1], -Rfc—l < +oo,M fc _i G [m,m + dm)\ 
k=i jR 

= Qx, w[K < +oo] = 1. 

APPENDIX B 

The existence of the isometric isomorphism Z. Suppose that n > 1 
is a positive integer, A\,... ,A n e Vo, Bi,... ,B n S 1Z are such that A\ x 
B\,...,A n x B n are pairwise disjoint and ci,..., c n E M. We let 

( n \ n 

Y C P 1 a v*B p -.= Y C P 1a v 1 B P - 

p= 1 ) p= 1 

Since cr-algebras Vo and 1Z are P-independent, the mapping U is well de¬ 
fined and extends to a positivity-preserving isometry of any L p (Z 2 <8> T 3 ) into 
L P (T\) for any pG [l,+oo]. Thanks to the factorization property stated in 
the remark after condition (R), we conclude that U is in fact an isomet¬ 
ric isomorphism between the relevant spaces. Define Z :=Z7 _1 . It is clear 
from the definition that properties (Zl) and (Z3) hold. Since Vt is gener¬ 
ated by P-independent cr-algebras Vo and 7 Z f , we can also immediately con¬ 
clude (Z4). To prove condition (Z2,) we assume first that all G\,... ,Gn £ 
L °°(72 (g> 73 ). From the definition of U, we conclude that U{G■ ■ ■ G™ N ) = 
\U (Gi)] mi ■ ■ - [U[Gj\f)] mN for any nonnegative integers m \,..., mm > 0. Hence, 
using, for example, the Weierstrass approximation theorem, we conclude 
that U<f>(Gi, ...,G n ) = $(W(Gi), ... M{Gn)) for any € C b (R N ). We can 
remove the restriction on boundedness of Gi s by using a standard trunca¬ 
tion argument. 
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